
f : Rd → RgN{i,g} ⊂ Rd

r2 − r3f

R2

1, 2, 3

ir1

iiCRi

ii

i,g = r1 + F (r2 − r3)

ui,j = vi,jU(0, 1) < CRj = j

i,g+1 = i,gf() ≤ f()

fN, g →∞

F,CR

F g+1
i =

{
F + r1F r2 < τ1,

F g
i

CRg+1
i =

{
U(0, 1) r3 < τ2,

CRg
i

τ1 = τ2 = 0.1F

f() = 10d+
∑

i[x
2
i − 10 (2πxi)]≈ 10df∗ = 0∗ =



∂xif = 2xi + 20π (2πxi)

F (r2 − r3)

d = 10N = 100τ1 = τ2 = 0.1

f

FNCRN≈ 10dd > 20

Fi, CRi[0.5, 0.9]

nξk = +1−1n1/
√
n

S
(n)
t =

1√
n

⌊nt⌋∑
k=1

ξk.

n→∞S
(n)
t

d−→Wt ∼ N (0, t)



1/
√
nnn−1/2n · (1/

√
n)2 · t = t

Wt ∼ N (0, t)

W = (Wt)t≥0(Ω,F ,P)
W0 = 0Wt −Ws ⊥ Fst > sWt −Ws ∼ N (0, t− s)0 ≤ s < tt 7→Wt(ω)

E[Wt] = 0

(Wt) = t

(Ws,Wt) = (s, t)

h→0(Wt+h −Wt)/h

[W ]T = T

c−1/2Wct
d
= WtH = 1

2

[0, T ]n∆ = T/n

n−1∑
k=0

(Wtk+1
−Wtk)

2 ?
= T n→∞.

(Wtk+1
−Wtk)

2 ∼ ∆ · χ2
1E[(Wtk+1

−Wtk)
2] = ∆∑n−1

k=0 ∆ = n∆ = T(∑
(Wtk+1

−Wtk)
2
)
= n · 2∆2 = 2T 2/n

n→∞−−−→ 0∑
(Wtk+1

−Wtk)
2 L2

−→ TdW 2
t = dt

dx2 ≈ dx · dx→ 0(dW )2 = dt

∼ t0.51dt

∝
√
t



St = S0

(
(µ− 1

2σ
2)t+ σWt

)

∝
√
t

St = S0

(
(µ− 1

2σ
2)t+ σWt

)

∫ T
0 Wt dWtWtk(Wtk +Wtk+1

)/2



W

f ∈ L2E
∫ T
0 f2

t dt <∞∫ T

0
ft dWt := L2

|π|→0

∑
k

ftk(Wtk+1
−Wtk).

E
[∫ T

0 ft dWt

]
= 0E

[(∫ T
0 ft dWt

)2]
= E

∫ T
0 f2

t dtMt =
∫ t
0 fs dWsE[Mt | Fs] = Ms

IT =
∑

k ftk∆Wk

E[I2T ] =
∑
j,k

E[ftj∆Wj · ftk∆Wk]︸ ︷︷ ︸
j 6= kj < kftj∆WjftkFtk∆WkFtk= 0

j = kE[f2
tj (∆Wj)

2] = E[f2
tj ]∆tjftj∆Wj

⇒ E[I2T ] =
∑
k

E[f2
tk
]∆tk

|π|→0−−−−→ E
∫ T

0
f2
t dt. ✓

dXt = µt dt+ σt dWtF ∈ C1,2([0, T ]× R)

dF (t,Xt) = ∂tF dt+ ∂xF dXt +
1
2σ

2
t ∂xxF dt

dF =
(
∂tF + µt ∂xF + 1

2σ
2
t ∂xxF

)︸ ︷︷ ︸ dt+ σt ∂xF︸ ︷︷ ︸ dWt.

F (t+ dt,Xt+dt)

dF = ∂tF dt+ ∂xF dX + 1
2∂xxF (dX)2 + ∂txF dt dX + . . .︸ ︷︷ ︸

→0

(dX)2

dtdWt

dt00

dWt0dt



(dXt)
2 = (µt dt+ σt dWt)

2

= µ2
t (dt)

2︸ ︷︷ ︸
0

+2µtσt dt · dWt︸ ︷︷ ︸
0

+σ2
t (dWt)

2︸ ︷︷ ︸
dt

= σ2
t dt.

dF = ∂tF dt+ ∂xF (µt dt+ σt dWt) +
1
2∂xxF · σ

2
t dt

=
(
∂tF + µt∂xF + 1

2σ
2
t ∂xxF

)
dt+ σt∂xF dWt. ✓

1
2σ

2∂xxF dt

(dW )2 = 0(dW )2 = dt

∈ Rn

dF = ∂tF dt+
∑
i

∂xiF dXi +
1
2

∑
i,j

∂xixjF d[Xi, Xj ]t

d[Xi, Xj ]t = d〈Xi, Xj〉t

dSt = µSt dt+ σSt dWt

St

F (t, x) = x∂tF = 0∂xF = 1/x∂xxF = −1/x2

d(St) = 0 +
1

St
dSt +

1
2 · (−

1
S2
t
) · σ2S2

t dt

=
µSt dt+ σSt dWt

St
− 1

2σ
2 dt

=
(
µ− 1

2σ
2
)
dt+ σ dWt.

ST − S0 =
(
µ− 1

2σ
2
)
T + σWT .

ST = S0

[(
µ− 1

2σ
2
)
T + σWT

]
.



−1
2σ

2TE[ST ] = S0 + (µ− 1
2σ

2)TE[ST ] = S0e
µT eE[X] < E[eX ]X

d(XtYt)

F (x, y) = xy

d(XtYt) = Yt dXt +Xt dYt + d[X,Y ]t

d[X,Y ]t = σXσY dtd(xy) = y dx+ x dy(dx)2 = 0

∫ T

0
Wt dWt =

1
2W

2
T − 1

2T.

∫ T
0 Wt dWt =

1
2W

2
T−

1
2T

F (t, x) = x2/2dF = x dW + 1
2 · 1 · dt = Wt dWt +

1
2 dt

1
2W

2
T − 0 =

∫ T
0 Wt dWt +

1
2T

◦

+1
2σ

2∂xxF

f

∫
f ◦ dW =

∫
f dW + 1

2

∫
∂xf σ dt

→

∫ T

0
f(Xt) ◦ dWt =

∫ T

0
f(Xt) dWt +

1
2

∫ T

0
f ′(Xt)σt dt.

dXt = b(t,Xt) dt+ σ(t,Xt) dWt, X0 = x0.



bσxt‖b(t, x)− b(t, y)‖+ ‖σ(t, x)− σ(t, y)‖ ≤ L‖x− y‖
‖b(t, x)‖2 + ‖σ(t, x)‖2 ≤ C2(1 + ‖x‖2)
E
[
t≤T ‖Xt‖2

]
<∞

X
(0)
t = x0n ≥ 0

X
(n+1)
t = x0 +

∫ t

0
b(s,X(n)

s ) ds+

∫ t

0
σ(s,X(n)

s ) dWs.

εn(t) = E
[
s≤t |X(n+1)

s −X
(n)
s |2

]
L2

εn+1(t) ≤ 2(L2T + L2)

∫ t

0
εn(s) ds.

εn(t) ≤ C · (2L
2(T+1)t)n

n! → 0X(n)L2

Xtp(t, x)p

∂p

∂t
= − ∂

∂x
[b(t, x) p] +

1

2

∂2

∂x2
[σ2(t, x) p].

ϕ

d

dt
E[ϕ(Xt)] = E[Lϕ(Xt)] = E

[
b ϕ′ + 1

2σ
2ϕ′′]

ϕ(Xt)xϕp



b = κ(θ − x)σp∞(x) = N (θ, σ2/2κ)

Xt

dX = σ dWX0 + σWt

dX = µX dt+ σX dWX0e
(µ−σ2/2)t+σWt

dX = κ(θ −X) dt+ σ dWN (θ, σ2/2κ)

dX = κ(θ −X) dt+ σ
√
X dW (2κθ/σ2, σ2/2κ)

dF = σF βdW 1dσ = νσ dW 2

∆t

Xt+∆t ≈ Xt + b(t,Xt)∆t+ σ(t,Xt)∆Wt

∆Wt =
√
∆t ZZ ∼ N (0, 1)



Xt+∆t ≈ Xt + b∆t+ σ∆Wt +
1
2σ σx

[
(∆Wt)

2 −∆t
]
.

1
2σσx[(∆Wt)

2 −∆t]σ(Xt)dWt

dXt = κ(θ −Xt) dt+ σ dWt.

Xtθ

dXt + κXt dt = κθ dt+ σ dWt.

eκt

d
(
eκtXt

)
= eκtdXt + κeκtXt dt = eκtκθ dt+ eκtσ dWt.



d(eκtXt) = eκtdXt +Xt · κeκtdteκt

0t

eκtXt −X0 = κθ

∫ t

0
eκs ds+ σ

∫ t

0
eκs dWs

eκtXt −X0 = θ(eκt − 1) + σ

∫ t

0
eκs dWs.

eκt

Xt = θ + (X0 − θ)e−κt + σ

∫ t

0
e−κ(t−s) dWs.

θ

(X0 − θ)e−κtκ

σ
∫ t
0 e

−κ(t−s)dWs

It = σ
∫ t
0 e

−κ(t−s)dWs

E[It] = 0, (It) = σ2

∫ t

0
e−2κ(t−s) ds =

σ2

2κ
(1− e−2κt).

Xt ∼ N
(
θ + (X0 − θ)e−κt,

σ2

2κ
(1− e−2κt)

)
.

t→∞Xt → N (θ, σ2/2κ)

Xs

Xt | Xs ∼ N
(
θ + (Xs − θ)e−κ(t−s),

σ2

2κ
(1− e−2κ(t−s))

)
, t > s.

µ̂(τ) = θ + (Xs − θ)e−κτ , σ̂2(τ) =
σ2

2κ
(1− e−2κτ ), τ = t− s.



τ1/2 = 2/κ

κ

∆t

ℓ(κ, θ, σ) = −1

2

n∑
i=1

[
(2πσ̂2) +

(Xti − µ̂i)
2

σ̂2

]
,

µ̂i = θ + (Xti−1 − θ)e−κ∆tσ̂2 = σ2

2κ (1− e−2κ∆t)

ℓ

∂ℓ

∂θ
=
∑
i

Xti − µ̂i

σ̂2
(1− e−κ∆t) = 0,

∂ℓ

∂κ
=
∑
i

(Xti − µ̂i)

σ̂2
(Xti−1 − θ)∆t e−κ∆t −

∑
i

∂ σ̂2

∂κ
= 0.

κ

Xt = (PA/PB)n = 250∆t = 1/252

ℓ(κ, θ, σ)estimator :: fitmle().

hat)
| + ++ < −log − likthickeningneartruekappa| + + + + + | + + + + + + + | +
+ + + + | + + + | + − − − − − − − − − − − − − − − − − − − − − −
− − − > theta(thetahatisthesamplemeanofXt, verywellidentified)(kappaisharder :



needlongseriestoidentifymean − reversionspeed)

κ̂θ̂σ̂0.5

ri = (Xti − µ̂i)/σ̂N (0, 1)

ihistogramvsN(0, 1)

i − 2 + 2

ri
|Xt − θ̂| > 2σ̂∞σ̂∞ = σ̂/

√
2κ̂Xt = θ̂≈ τ̂1/2 = 2/κ̂ ≈ 4.6

≈ 2σ̂∞ = 2σ̂/
√
2κ̂< 2σ̂∞

N = (Nt)t≥0λ > 0

N0 = 0P(Nt+h −Nt = 1) = λh+ o(h)P(∆N > 1) = o(h)

Nt ∼ (λt)(λ)Ñt = Nt − λt

λ = 2

dSt

St−
= µdt+ σ dWt + d

( Nt∑
k=1

(eJk − 1)
)
,

NtλJk ∼ N (µJ , σ
2
J)



C =

∞∑
n=0

e−λ′T (λ′T )n

n!
· C
(
S0,K, T, rn, σ

2
n

)
,

λ′ = λeµJ+
1
2
σ2
J rn = r − λ(eµJ+

1
2
σ2
J − 1) + n(µJ + 1

2σ
2
J)/Tσ

2
n = σ2 + nσ2

J/T

ne−λ′T (λ′T )n/n!rnσ
2T + nσ2

Jn

σ, λ, µJ , σJ
σλµJσJ

KT
∑

K,T (C(K,T ; θ) − C)2evolution(DEisideal4params, non − convexlandscape).3. ∗
∗Diagnostic : ∗ ∗ PlotMertonvsmarketsmile; expectfitwithin0.5vega.

µJ

E[eiξXt ] =
(
t
[
ibξ − 1

2σ
2ξ2 +

∫
R\{0}

(
eiξz − 1− iξz|z|≤1

)
ν(dz)

])
(b, σ2, ν)ν

∫
(1 ∧ z2)ν(dz) <∞



ν

ν = 0

ν(dz) ∝ e−c|z|/|z|
Y ∈ (0, 2)

αc|z|−1−α

dXt = b(Xt−) dt+ σ(Xt−) dWt +

∫
R
c(Xt− , z) Ñ(dt, dz),

Ñ(dt, dz) = N(dt, dz)− ν(dz) dt

dF (Xt) = LF dt+ ∂xF σ dWt +

∫ [
F (Xt− + c)− F (Xt−)

]
Ñ(dt, dz),

LF = b ∂xF + 1
2σ

2∂xxF +

∫ [
F (x+ c)− F (x)− c ∂xF

]
ν(dz).

ut

V (t, x)

(Xt, pt)

Xt ∈ Rd

dXt = b(Xt, ut) dt+ σ(Xt, ut) dWt,



J(t, x;u) = E
[∫ T

t
ℓ(Xs, us) ds+ g(XT )

∣∣∣Xt = x

]
.

V (t, x) = u J(t, x;u)

−∂tV =
u∈U

[
ℓ(x, u) +∇xV

⊤b(x, u) + 1
2

(
σσ⊤(x, u)∇2

xV
)]
, V (T, ·) = g.

ℓ(x, u)∇xV
⊤b12 (σσ

⊤∇2V )

V u⋆(t, x) = u[ℓ(x, u) +∇xV
⊤b(x, u)].

XtdXt = (r + ut(µ− r))Xt dt+ utσXt dWtut ∈ R
−E[XT ]

V (t, x) = x+ f(t)

f ′(t) = −r − (µ− r)2

2σ2
, f(T ) = 0.

u⋆ =
µ− r

σ2
().

ℓ = x⊤Qx+ u⊤Rub = Ax+BuσV (t, x) = x⊤P (t)x+ v(t)P

−Ṗ = A⊤P + PA− PBR−1B⊤P +Q, P (T ) = QT .

u⋆t = −R−1B⊤P (t)Xt

X0TXtut < 0

dXt = ut dt, ℓ(x, u) = αx2︸︷︷︸+ βu2︸︷︷︸ .
A = 0B = 1Q = αR = β

u⋆(t, x) = −α

β
· (κ(T − t))

(κT )
·X0, κ =

√
α/β.

κ



(Xt, pt)

H(x, u, p) = ℓ(x, u) + p⊤b(x, u)(X⋆, u⋆)pt

ṗt = −∇xH(X⋆
t , u

⋆
t , pt), pT = ∇xg(X

⋆
T ),

u⋆t = uH(X⋆
t , u, pt)

ptXt

pt = ∇xV (t,X⋆
t ) =

∂()

∂x
.

ℓ = 0g(x) = − xb = (r + u(µ− r))xH(x, u, p) = p(r + u(µ− r))x

ṗt = −∂xH = −pt(r + u⋆(µ− r))pT = −1/X⋆
T

∂uH = 0u⋆ = (µ− r)/σ2

pt = −e−(T−t)(r+(µ−r)u⋆)/X⋆
t

(X⋆
t , pt)T

⋆Rd

−∂tV =
u

[
ℓ+∇V ⊤b+ 1

2 (σσ
⊤∇2V ) +

∫ [
V (x+ c(x, u, z))− V (x)−∇V ⊤c(x, u, z)

]
ν(dz)︸ ︷︷ ︸

]
.

cxx+ cV (x+ c)− V (x)∇V ⊤c



dXt = ut dt+∆Jt, ∆Jt ∼ (λ,N (0, σ2
J)).

σ2 = λσ2
J

V C1,2

V ϕV (t0, x0)

−∂tϕ(t0, x0) ≤
u

[
ℓ(x0, u) +∇xϕ

⊤b+ 1
2 (σσ

⊤∇2ϕ)
]
.

V V

∆t ≤ C (∆x)2

g(x) = (K − x)+ (
−∂tV − LV, V − (K − x)+

)
= 0.

V > gV = g

∂xV ∂xxV V C1C2

− ∂tu− ν∂xxu+H(x, ∂xu,m) = 0, u(T, x) = g(x),

∂tm− ν∂xxm− ∂x(m∂pH) = 0, m(0, x) = m0(x).

Hm



‖mk+1 −mk‖1‖uk+1 − uk‖∞

N � 1xtT ūt =
∫
um(t, dx)

H(x, p,m) =
u

[
αx2 + βu2 + pu

]
+ γū(m)︸ ︷︷ ︸ x.

t = F t−1 + t, t ∼ N (0, Q); t = Ht + t, t ∼ N (0, R).

−̂
t = F̂ t−1, P−

t = FPt−1F
⊤ +Q.

Kt = P−
t H⊤(HP−

t H⊤ +R)−1, t̂ =
−̂
t +Kt(t − Ĥ−

t ), Pt = (I −KtH)P−
t .

KtK → 0K → H−1



Pt → P∞(F,H)

t̂ = E[t | 1:t]D(p(t|1:t) ‖N (̂t, Pt))

dt = At dt+B dtdt = Ct dt+ dt

Ṗ = AP + PA⊤ +BQB⊤ − PC⊤R−1CP, P (0) = P0.

xt = 0.95xt−1 + wtQ = 0.01yt = xt + vtR = 1.0

P∞ ≈ 0.17K∞ ≈ 0.15

t1.0| ∗ 0.8|
0.6|
0.4|

0.2|

P inf0.17+−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−>t(fastconvergencetosteady−stateuncertainty)

R/Q = 100

π(x) ∝ e−U(x)q(x′ | x)

α(x→ x′) =
(
1,

π(x′)q(x | x′)
π(x)q(x′ | x)

)
.

π(x)α(x→ x′) = π(x′)α(x′ → x)π

h⋆ ≈ 2.38/
√
d



x′ = x− h2

2 ∇U(x) + h ξ, ξ ∼ N (0, Id),

dXt = −∇U(Xt) dt+
√
2 dWt,

π ∝ e−U

O(d1/3)O(d)

(κ, θ, σ)κ ∼ (2, 0.1)θ ∼ N (0, 1)σ ∼ (0.5)

d = 3h = 0.02



Zt ∈ {1, . . . ,K}Aij = P(Zt = j | Zt−1 = i)Yt | Zt = k ∼ Bk(y)

K = 3

αt(k) = Bk(yt)
∑
j

αt−1(j)Ajk, βt(k) =
∑
j

AkjBj(yt+1)βt+1(j).

γt(k) =
αt(k)βt(k)∑
j αt(j)βt(j)

, ξt(j, k) =
αt(j)AjkBk(yt+1)βt+1(k)

L
.

Âjk =

∑
t ξt(j, k)∑
t γt(j)

, µ̂k =

∑
t γt(k) yt∑
t γt(k)

.

L(θ)

K = 3T = 4



δt(k) = j δt−1(j)Ajk ·Bk(yt)O(TK2)

T = 5820

K = 3baumwelch()with20randomrestarts.

γt(k)
dot−combustGFCCOV IDcrash

γtevolutiontoswitchrisk − aversionα

p, q

D(p ‖ q) =
∫

p(x)
p(x)

q(x)
dx ≥ 0,

p = q

= 2k − 2 L̂= k n− 2 L̂D(p ‖ pθ)



p(x; θ)

I(θ)ij = Ex∼p

[
∂θi p ∂θj p

]
= −E

[
∂2
θiθj

p
]
.

θ̂(θ̂) � I(θ)−1

Bk = N (µk, σ
2
k)I(µk) = σ−2

k I(σ
2
k) = (2σ4

k)
−1

I(X;Y ) = D
(
p(X,Y ) ‖ p(X)p(Y )

)
= H(X)−H(X | Y ) ≥ 0.

I(X;Y )Y XX ⊥ Y ⇒ I = 0Y X⇒ I = H(X)

Yi

[
I(Yi; )−

1

|S|
∑
Yj∈S

I(Yi;Yj)
]
.

t

t = (γt(1), γt(2), γt(3)).

Ht = −
∑

k γt(k) γt(k) ∈ [0, 3]

Ht

3 ≈ 1.10Ht < 0.7

∇θLI(θ)−1∇θL



(M, g)MgpTpM

p

γ̈k +
∑
i,j

Γk
ij γ̇

iγ̇j = 0,

Γk
ij =

1
2g

kl(∂igjl + ∂jgil − ∂lgij)

M = {p(·; θ)}gij(θ) = I(θ)ij

θ ← θ − η I(θ)−1∇θL.



D(pθ ‖ pθ+dθ) =
1
2 dθ

⊤I(θ) dθ +O(‖dθ‖3)

p(x; θ) = h(x) (θ⊤T (x)−A(θ))K = 0

p(x; θ) = N (µ, σ2)θ = (µ, σ2)

I(θ) =

(
1/σ2 0

0 1/(2σ4)

)
.

L = − p(x; θ)

∇̃θL = I−1∇L =

(
µ− x

σ2 − (x− µ)2/2

)
.

IK = 0

Gg = TeG

G

ġ(t) = g(t) ξ(t), g ∈ G, ξ(t) ∈ g.

(T ⋆M,ω)ω =
∑

i dpi ∧ dqiω

(X⋆
t , pt)T

⋆Rd

ω

K(σ)



K = 0

Wt −Ws ∼ N (0, t− s)

dX = b dt+ σ dW

Nt ∼ (λt)

(b, σ2, ν)

−∂tV = u[ℓ+∇V ⊤b+ 1
2 σσ⊤∇2V ]

+
∫
[V (·+ c)− V −∇V ⊤c]ν dz

ṗ = −∇xHu⋆ = uH
u,m

Kt = P−H⊤(HP−H⊤ +R)−1

x′ = x− h2

2 ∇U + hξ

Iij = E[∂iℓ ∂jℓ]
I−1∇θL
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