fiRY— RgN{;,} CR?

Ty T 7’3f
RQ
1,253
iry
#CR;

i1

,9 — 711 +F(T2 _T3)
u;; = v;;U(0,1) < CRj = j
ig+1 = igf() < £

fN,g —
F,CR
F+rF ro<m, U0,1) rs<m,
Fig+1: ) 1 2 1 CR?HZ (g) 3 2
F; CR?
7'1:7'2:0‘1F

fO =10d+ >, (27 — 10 (27z;)]~ 109 f* = 0* =



O, f = 223 + 207 (27z;)

F(T2 - T3)

d=10N =1001; =12 =0.1

f

FNCRN= 10dd > 20

F,,CR;[0.5,0.9]

nép = +1—1nl/y/n

L]
1

s =3¢
Vi

n— ooSt(n) 5 Wy ~ N(0,1)



1/y/nnn=2n . (1/yn)? -t =t
Wi ~ N(0,t)

W = (Wy)i>o0(2, F,P)

Wo=0W, — Wy L Fst > sWy — Wy ~ N(0,t — 5)0 < s < tt — Wy(w)

EW] =0

(W) =t

(Ws, W) = (s,1)
h—so(Wirn —Wi)/h
Wlr=T

2Wy LWH =L

[0, TInA =T/n

n—1 )
> Wiy —Wy,)* =T n— 0.
k=0

(Wtk+1 - Wtk)2 ~A- X%E[(WtkH - Wtk)2] =A
PoA=nA=T
(S (Wi, — Wi )?) = n- 242 =272 /n 2225 0

Z(Wtk+1 - Wtk)2 L—2> CTIC”A/t2 = dt

dz? ~ dx - drx — 0(dW)? = dt
~ t9-51dt




S; = So((,u — %0’2)t + O'Wt)

oVt

St = S()((,u — %UZ)t + UWt)

Jo W dW, Wi, (We, + Wi, ,,)/2



W
(S
fe B[] f2dt < oo

T
/0 ft dWy = L2 0 ; ftk (Wtk+1 — Wtk)

E|fy fiawi| = OE[( s, thﬂ =E[T f2dtM, = [} f,dW.E[M, | Fs] = M,

It =% fr AWy

E[I7] = Y Elfi, AW - fu, AW,]

j’k VT

j 7& ki] < kftjAijtkftkAkatk: 0
j = KE[f2 (AW;)?] = E[f2]At, £, AW,

T
m|—0
> E[13] = S_E[f2]an, 125 ]E/O 2 v
k

(A
dX; = py dt + o AW, F € CH2([0,T] x R)

dF (t,Xy) = O F dt + 0, F dXy + 07 Oy, F dt

dF = (OuF + puy 0. F + 307 0, F) dt + 04 0, F dW,.
N——

. J/
-~

F(t + dtv Xt-l—dt)

dF = O,F dt + 0, F dX + §05.F (dX)* + O FdtdX + ...

—0

(dX)?

dtdW;

dt00
dW,0dt



(dX;)? = (e dt + oy dW;)?
= uf (dt)* +2p0y dt - AW, +o7 (dW)?
O O Clt
= ol dt.

dF = O, F dt + O, F (e dt + oy dWy) + 30, F - 07 dt

= (OF + 0o F + 3070, F) dt + 0,0, F dW,. v
%UQGMF dt
(dW)? = 0(dW)? = dt
€ R"

dF = O, F dt + Y 05, FdXi+ 5> Op,a, Fd[Xi, X,

i,J

d X, Xl = d( X, X;)+

dSt = /,LSt dt + O'St th
Si
F(t,x) = 20,F = 00, F = 1/20,, F = —1 /2

A(S) =0+ = dS+ 1 (~d)-o?Sdt
St t

. /LSt dt + O‘St th
= ,S’t

— %02 dt

=(p— 152) dt + o dW,.
(n—3

St — Sy = (M—%O’Z)T—i-UWT.

St =50 [(,u— %0'2) T+O’WT] .




—102TE[S7] = So + (1 — 362)TE[Sr] = SoerT BN < E[eX] X

d(X+Yy)

F(z,y) =zy

d(X,Y;) = Yy dX; + X; dY; + d[X, Y],

d[X,Y]; = oxoy dtd(zy) = ydx + z dy(dr)?> =0
T
/ Wy dWy = sW7 — 7.
0

S Wydw, = dwz-1T

F(t,x) = 2%/2dF = xdW + % - 1-dt = Wy dW, + L dtiw2 —0 = [[wW,aw, + 1T

—i—%azamF
/

[ fodW = [fdW +3 [0.fodt

T T T
/ f(Xt) odW; = / f(Xt) dW; + % / f/<Xt)Ut dt.
0 0 0

dXt = b(t,Xt) dt+0(t,Xt) th, Xo = xo0.



bowt||b(t, ) — b(t, y)|| + llo(t, x) —o(t,y)| < Lilz -yl

1o(t, 2)II? + [lo(t, 2)1? < C*(1 + [|=]1?)
E[i<r | X:]%] < o0

t t
Xt(n+1) =20 +/ b(S,Xén))dS +/ U(S,Xgn)) dWs
0 0

€n(t) =K s<t |Xs(n+1) — Xén)‘z]

L2

en1(t) < 2(L°T + L2) /0 e(s) ds.

en(t) < C - QLECEUD" _, o x ()2

Xip(t,x)p

0 0 102
"=~ [b(tx)p] + 5

e [ ~2

%EW(Xt)] = E[Lo(X)] = E[b¢ + Lo2¢"]

(Xe)rdp



b= k(0 — x)opeo(x) = N(0,07/2kK)

Xy

dX = ocdW Xy + oW,

dX = pX dt + o X dW Xgelh=0/2t+oW:

dX = k(0 — X)dt + o dWN(0,0%/2k)

dX = k(0 — X) dt + o/ X dW (260 /0%, 02/ 2k)
dF = o FPdWdo = vo dW?

At

Xt+At ~ Xt + b(t, Xt) At + O'(t, Xt) AWt

AW, = VAL ZZ ~ N(0,1)



Xeinr = Xy +bAt+ o0 AW, + %U O [(AWt)Q - At].

300a((AW:)? — At]o(X;)dW,

dX, = k(0 — X,) dt + o dW,.

X0

dX; + kX dt = k8 dt + o dW;.

Kt

d(e”tXt) = e dX, + ke X, dt = ™ kb dt + eto dW;.



d(efXy) = efd Xy + Xy - keftdte

0t
t t
e X, — Xo = /{9/ e ds + O'/ e dW
0 0
¢
CHtXt — XO = 9(6’% — 1) + O'/ e"® dWs
0
ent
t
X, =0+ (Xo—0)e " 40 / e~ =) aw,.
0
0
(Xo — 0)e "k

o Ote_“(t_s)dWS
I =0 [j e " t=9)dw,

¢ 2
E[It] = O, (It) — 0-2/ 6—2:"6(75—5) ds = 0—7(1 _ e—21€t).
0 2K

2
X ~ /\/<9 + (Xo — 0)e ", %(1 - e—%t)> .

t — 00X — N(0,0%/2k)
X

2
U—(l - 6_2”(’5_8))> , t>s.

X | Xs~ N (9 + (X, — 0)e =), o



7'1/2 = 2//43

At

X, = (Pa/Pp)n = 250At = 1/252
UK, 0,0)cstimator :: fityle().

pat)

|+ ++ < —log — likthickeningneartruekappa| + + + + + | + + + + + + + | +
R e i e B e B
— — — > theta(thetapatisthesamplemeanof Xy, verywellidenti fied)(kappaisharder :




needlongseriestoidenti fymean — reversionspeed)
#0502

ri = (Xti - ﬂl)/&N(07 1)

ihistogramvsN (0, 1)

g = 242

Ti

Xt — 8] > 2600600 = 6/V2kX; = O 71 pg = 2/i = 4.6
R 2600 = 26 /V/2R< 2650

N = (Nt)tZO)\ >0

No = OP(Nyyp, — Ny = 1) = A+ o(W)P(AN > 1) = o(h)

Ny ~ (M)A N; = N; — Mt
A =2

DSt _ gt oaw, dNt e 1
ST_—,M +odW; + (;(e — )),

Nt)\Jk ~ N(HJ, 0'3)



> NT NT)"
C = ;}* . C(SO,K,T,Tn,O'Z) ,

N = AT T30, = — )\(e“ﬁ'%”?f — 1) +n(ps + 30%)/Tok = 02 +no%/T
ne NT(NT)" /nlr,a®T + no’n

g, )\aMJa aj
OO ]

KT o r(C(K,T;0) — C)2.volution(D Eisidealdparams, non — convexlandscape).3. x
xDiagnostic : x * PlotMertonvsmarketsmile; expect fitwithin0.5vega.

123

\.

E[e%] = (¢]ibg — 4026% + /

€z 1 =
R\{O}(e 1 Z€Z|z|§1)l/(dz)])

(b,o2, v)v[(1 A 2%)v(dz) < oo




v=20

v(dz) oc el#l /|2
Y €(0,2)

aclz|71@

dX; =b(X-)dt + o(Xy-) dW; + / o(X,-,2) N(dt,dz),
R

N(dt,dz) = N(dt,dz) — v(dz) dt

dF(X;) = LF dt 4+ 0, F o dW; + /[F(Xt_ +¢) — F(X,-)|N(dt, d2),

LF =b0,F + 10%0,,F + /[F(x +¢) = F(z) — cO0, Flv(d).

Ut

V(t,x)
(Xtupt)

XtERd

dXt = b(Xt, ut) dt + O'(Xt, ’LLt) th,



J(t, z;u) :E[/tTE(XS,us)ds-l—g(XT)‘Xt :x] .
V(t,x) =4 J(t, z;u)

0V = u[g(g;’u) + V. VTb(z,u) + 1 (00" (z,u) ViV)}, V(T,)=g.

ue

Uz, u)V,V b (00T VZV)
Vur(t,r) = o[l(z,u) + ViV b(x,u)].

(D
Xd X = (7’ + Ut(/L — T))Xt dt + uro Xy dWiuy € R
—E[X7]

V(t,z) = =+ f(t)

(=2"Qr+u"Rub= Az + BuoV (t,x) = x" P(t)x + v(t)P

—P=A"P+PA-PBR'B'"P+Q, P(T)=Qr.

uf = —R7'BTP(t)X;

XoT Xpup <0

dX; = updt, €(x,u) = az? + Pu?.
~

* _ a (K(T_t)) _
u(t,w)——B-W-Xo, k=\a/p.




(Xt,pt)
A
H(x,u,p) = £(x,u) +p' bz, u)(X*, u*)p;

Z)t = _va(X;7u;7pt)a pr = v:vg(X’}%
u: — UH(Xt*a uapt)

Pt Xy

(D
t=0g(x) = — xb= (r+u(p—r))aH(z,u,p) = p(r +u(p — 7))z
pr = —0uM = —pi(r +u*(p—7))pr = —1/X7

OuH =0u* = (u—r)/o?

pr = —e~ T +(u=r)u®) / x%

(X;apt)T*Rd

-0V = u[f +VVTh+ 3 (00 TV2V) + /[V(a: + e(z,u,2)) = V(z) = VV ez, u, z)]l/(dz)]

>

-~

cxx +cV(z+c) - V(z)VV e




dX; = ugdt + ATy, AJp ~ (M N(0,0%)).

2y 2
o = \o5

V>gV=g
0,V 0, VVC1C?

— O — VOppu + H(z,0zu,m) =0, u(T,z)=g(zx),
Oym — VOpam — Ox(mOpH) = 0, m(0,x) = mo(z).



”mk—H _ mk”l”uk—i-l _ uk”oo
]
N > 1x,Tu, = [um(t,dz)

H(xz,p,m)= . az? + Bu? —i—pu} + yu(m) .

t=Fi_1+4 ¢+ ~N(0,Q); t=Hi+4, + ~N(0,R).

T =Fi1, PF=FP.F +Q.

Kiy=P H' (HP,H' +R)™', =7 +K(—-H;), P=(I-KH)P .

KK - 0K — H™!



P, — Poo(F, H)

T =Kl | 1) D®(elre) NG, Pr))

di = Aydt + Bdidy = Cidt + d;

P=AP+PA" +BQB' —PC"R™'CP, P(0)=P,.

x: = 09521 + w:@Q = 0.0ly = ¢ + v: R = 1.0
Py = 017Ky =~ 0.15

+1.0] % 0.8]

0.6

0.4|

J2 A O e e e b e >t(fastconvergencetosteady—stateuncertainty)

m(x)a(x = 2') = (2" )a(z) — x)m

h* ~ 2.38//d



¥ =2 - BVU(@)+hE €~ N0, ),

dX, = —VU(X,) dt + V2dW,,

T X e

O(d'/3)O(d)

(k,0,0)k ~ (2,0.1)0 ~ N(0, 1)o ~ (0.5)
d = 3h = 0.02




ZtE{l,,K}A”:]P)(Zt:]|Zt,1:Z)Y;g|Zt:k‘NBk(y)

K=3
(k) = Bi(yt) Zatfl(j)Ajb Bi(k) = ZAijj(ytH)BtH(j)-
 ay(k)By(k) oy (DA Br(Yrr1) B (F)
= amaGy 4O L '
A, = Etft(j, k) i = Zt%(k) Yt
ok Zt Y(4) 7 g Zt Vi (k) '
£(0)

K=3T=14



6¢(k) = j 6t—1(4)Aji - Bi(ye) O(TK?)

(D
T = 5820
K = 3paumyelch()with20randomrestarts.

Ve (k)

dot—combustGFCCOVIDcrash

Yeevolutiontoswitchrisk — aversiona

=2k —2L=kn—2LD(p| py)



Z(0)ij = Eanp|Os, p Os, D] = —E[agiej p] -

I[(X:Y) = D(p(X,Y) | p(X)p(Y)) = H(X) — H(X | Y) > 0.

I(X;Y)YXX LY = T=0YX= I = H(X)

[1070) — o 3 105%7)].

Y;
Y;es

|
t

¢ = (7e(1),7%(2),7(3))-

Hy = =33 n(k) n(k) €0, 3]
H;
3~ 1.10H; < 0.7

VoLI(0)" VoL



(M7 g)MgPTPM

i+ DT =0,
i?j

Ffj = 19" (8,951 + 994 — D19i)

M = {p(-;0)}gi;(0) = Z(0);

00 —nI0) 'VyL.



D(pg || po+as) = 5 d0TZ(0) df + O(||d0||?)
p(x;0) = h(z) (07T(z) — AB))K =0

]
p(LE; 9) = N(:u’v 02)9 = (H’ 02)

L=—p(z;0)

IK =0

Gg =1T.G

(T*M,w)w =), dp; N\ dg;w
(X7, pr) T*R

w

K(o)



Wy — Ws ~ N(0,t — s)

dX =bdt+odW

Ni ~ (At)

(b, 0%, v)

0V =, +VVTb+ 3 00TV2V]
+ [[V(+¢) =V -=VVTrdz
p=—V,Hu* = ,H

w, m

Ki=P H'(HP H" +R)™!

¥ =x— %QVU + hé

T, = E[0:0 9,
I_1V9£







	Mathematical Foundations
	1 · Differential Evolution (DE)
	Background
	1.1 Geometric Intuition — Mutation in \mathbb{R}^2
	1.2 Operators
	1.3 Self-Adaptive jDE (Optimiz-rs default)
	1.4 Example — Minimising the Rastrigin Function

	2 · Stochastic Processes
	2.1 Brownian Motion
	2.2 Itō Calculus
	2.3 General Itō SDEs
	2.4 Ornstein-Uhlenbeck (Mean-Reversion)

	3 · Jump Processes
	3.1 Poisson Process
	3.2 Compound Poisson Jump-Diffusion (Merton 1976)
	3.3 Levy Processes and the Levy-Khintchine Representation
	3.4 SDEs with Jumps — Generator and Ito Formula

	4 · Optimal Control (HJB, PMP, Jumps)
	4.1 Stochastic HJB
	4.2 Pontryagin Maximum Principle
	4.3 HJB with Jumps (HJBI)
	4.4 Viscosity Solutions

	5 · Mean Field Games (1D Solver)
	6 · Kalman Filtering
	6.1 Linear-Gaussian State Space
	6.2 Information-Theoretic View
	6.3 Continuous-Time Limit (Kalman-Bucy)

	7 · MCMC (Metropolis-Hastings and Langevin)
	7.1 Metropolis-Hastings
	7.2 Langevin Dynamics (MALA)

	8 · Hidden Markov Models (HMM)
	8.1 Model
	8.2 Baum-Welch (EM)

	9 · Information Theory
	9.1 Entropy and KL Divergence
	9.2 Fisher Information
	9.3 Mutual Information and Feature Relevance
	9.4 Natural Gradient (Preview)

	10 · Differential Geometry
	10.1 Riemannian Manifolds
	10.2 Information Geometry and Fisher-Rao Metric
	10.3 Lie Groups and Geometric Control
	10.4 Symplectic Geometry and Hamiltonian Structure
	10.5 Sectional Curvature and Landscape Geometry

	Quick Reference
	References


